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1. INTRODUCTION 
Let x be a primitive Dirichlet character of (Z/qZ)*, where q is a prime 
number, and let p, y be non-trivial zeroes of L(s,f), L(s,x), respectively, so 
that 
uP,~)=U(Y,x)=O, 0 < Re@), Re(y) < 1. 
Here 
U&x)= /f x(n)n-” 
Pt=l 
is the classical Dirichlet L-function. Now, for Re(s) > 1 + Re(y) and for 
every integer k > 0 define 
~,(s;~,~;~)=f 1 up-,(n,&qn +k,?~+~,(~-k~W-"~ (1.1) 
n>W2 
n#k 
where 
din 
d>O 
is the divisor function. Note that for 
-h(n) = ! 1 (n, 4) = 1, 0 (n, 4) > 1, 
L,(s;p,y,x) C(s)L(s + 1 -P Y3Xo)W + 1 -P3X)L@ - - xa = 
L(h + 1 -P-%X0) 
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SO that the behavior of L,(s; p, y; x) is well known. In particular 
L(2s $- 1 -p-yY,x(J)~o(~;P,Y;x) 
is an entire function. 
When k > 0, however, the analytic nature of L,(s;p, y; x) changes 
drastically. This is illustrated in the following theorem. 
THEOREM (A). The function L,(s; p, y; x) defined by (1.1) can be 
continued to a meromorphic function in the entire s-plane, and for k > 0 has 
inJinitely many simple poles at the points 
s=Re p+y ( ) 2 + irj, 
where 4 + r$ (jix j = 1,2,3,...) are the eigenvalues of the Laplacian D = 
-y*(~?/~x~ + 8/8y’) for L’(T,(q)w in the sense of Section 3. 
To elucidate this theorem, we only remark for the present, that 
L&p, 7;~) has a pole at 
s=Re p+y ( ) 2 + irj 
if there exists a square integrable automorphic function f,(z) (Maass 
waveform) satisfying 
h (gg) =fiw, a,, b, c, d E 2, ad - bcq = 1, 
Of/= (a + rj2)h. 
The residue at this pole will be non-zero if the sum of the kth and -kth 
Fourier coefficients of fj(z) does not vanish identically, and if for Re(y) > 
Re@) the L-function associated to& (via Mellin transform) does not vanish 
at the point @ + y)/2. The analytic behavior of L,(s; p, y; x) for k # 0 is very 
similar to the analytic behavior of the logarithmic derivative of a Selberg < 
function. 
These results are obtained by taking convolutions of certain non- 
holomorphic Eisenstein series. As is well known, all holomorphic cusp forms 
can be expressed as linear combinations of products of holomorphic 
Eisenstein series. In the non-holomorphic case, a partial result in this 
direction can be obtained. Namely, it is possible to create square integrable 
automorphic forms by taking suitable products of non-holomorphic 
Eisenstein series which are taken at special values related to the zeroes of 
classical Dirichlet L-functions. 
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2. NON-HOLOMORPHIC EISENSTEIN SERIES 
Let x be a primitive Dirichlet character of (Z/qZ)*, where q is a positive 
integer. Let r= Z,(Z) be the modular group and define 
EC c=O(modq) 
For z = x + iy with y > 0 and for Re(s) > 1, the Eisenstein series E(z, s; 1) is 
defined by the absolutely convergent series 
E(z, s; x) = 2 x(d) (Im uz)‘, 
L7 
where the sum goes over a set of representatives 
(T= 
and satisfies the automorphic relation 
quz, s; x> = XV) J%, s; x) for u= 
Putting 
E(z, s; x) = L(2s,Z) ‘qz, s; x) 
=yx(n> s 
m.n Irnqif n\ 2s9 
where the prime on the summation symbol means to omit the term (O,O), 
one has the Fourier expansions 
E(z, s; x) = 2ySL(2s, f) (2.1) 
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where 
is the Gauss sum, 
K,(Y) = I” exp(-f u(u + a-‘)) 24-l du 
0 
(2.3) 
is a Bessel function, and 
o,hx) = c X(4 d” din 
d>O 
is the divisor function. 
We remark that (2.1) and (2.2) are easily obtained from the well-known 
Fourier series (see [ 11) 
+ s C Iql”‘-” Im]S-1’2Ks-v2(2n Iml q) e(ma), Info 
where w  = a + iv with q > 0, on noting that 
E(zv s;x> = WWs, Is> + M2)s c c 
c>O O<d<q 
i!V) ; , m + c; + d,q, 2~9 
From (2.1) and (2.2) one immediately gets the functional equation 
(q2,‘?c)sZ-(s) E(z, s; x) = r@)(q/41-sW - s) E(-(l/v), 1 - s; x3 
first proved by Rankin [2]. 
Let x0 denote the principal character (mod q) which is defined by the 
relations 
x0@)= @) 
I 
if (n,q) = 1 
if (4 q) > 1. 
We also put for Re(s) > 1 
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Since 
where p(r) is the Moebius function, it easily follows from (2.4) that 
L(2S,Xo)& s>= 2YSL(2hX,) + 
7$(q) 22-zT(2s - 1) _ 
qV(s)2 
y’ ?J2s - 1) 
+--&q11(4/r)r’tui 2 fJ2S-‘w14v2-s 
n+O 
X I nl”2-SKs-1,2(2n 1 nl y) e(mx). (2.7) 
Similarly, one directly obtains from (2.5) that 
L(2SJo)El --$s = 
( 1 
7c23-2v-(2s - 1) _ 
qsm2 
Y’ “Ws - 1,x0) 
Now, let K,, ~~ ,..., ICY denote a complete set of inequivalent parabolic 
cusps for To(q). For each cusp K, let r, = {a E To(q); UK, = K,} be the 
stabilizer of K/, and fix an element u, E Z,(R) so that u, satisfies 
U/Co =KI, U; lrp, = rm. 
Define the non-holomorphic Eisenstein series for the cusp K, as 
E,(z, s) = E(u; lz, s). (2.9) 
Then E,(z, s) lies in the continuous spectrum of the Laplace operator 
D = -y2 
(-g+-$) 
and satisfies 
DE&z, s) = s( 1 - s) E,(z, s), 
E,(w s) = E,(z, s) for all u E r,(q). 
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3. THE SELBERG SPECTRAL DECOMPOSITION 
Let L*(T,(q)w denote the space of non-holomorphic functions f(z) 
defined on the upper half-plane Z’= {z = x + iy; y > 0) which satisfy the 
conditions 
for every u E To(q), 
where g is a fundamental domain for To(q). Any function f(z) E 
L*(I’,,(q)~ is said to be a non-holomorphic cusp form (Maass waveform) 
with eigenvalue d if 
Here 
D = -y* (-g+-$) 
is the Laplace operator and condition (3.4) simply means that the constant 
term B,,,(y) in the Fourier expansion off(z) at each cusp K, vanishes iden- 
tically. Using (3.3) one easily deduces that 
Bi,, - (478n - &-*)B”,, = 0 
from which it follows from the general theory of second-order differential 
equations that for A = 4 + r* 
B,,,(Y) = b,,dr) ti Kir(2n In I U> (n Z O), 
where b,,,(r) is a complex number and K,(y) is the Bessel function defined 
by (2.3). 
Let fi(zh Mz>9 Jxz)w with eigenvalues L, < I, & & Q . . . be a complete 
orthonormal system of non-holomorphic cusp forms of L*(I’,,(q)w with 
respect to the Peterson inner product 
As is well known, one can take lj = $ + rj with rj > 0, when there are no 
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eigenvalues Qf for the congruence subgroup T,,(q). In view of (3.4) and (3.5), 
f/(z) has the Fourier expansion 
.Uz) = X a,(rj> d! Ki,(2n 1 n I Y) @xl (3.6) 
n+O 
where a,(rj) is a complex number. Associated to each fj there is an L- 
function 
Lcfj,S>= x a,(rj) InI-', 
nto 
(3.7) 
and this association occurs naturally when taking the Mellin transform 
1 
C--X 
4 
-s-l/lr 
( 
s + l/2 + irj 
2 ) ( 
I- S+ yj) L(f;,s+J. (3.8) 
Note that (3.8) follows easily from the Bessel transform 
s 
m K,(ay)yS-’ dy = 2S-2a-ST 
0 
(9) r(y) (3.9) 
which is valid for Re(s + v) > 0, Re(a) > 0. We also define 
L+V;, s) = 2 a,(rj)nwS. 
n=l 
It was first pointed out by Selberg [3] ( see also [4,5]) that every function 
f(z) E L2(~o(dW) 
orthogonal to the constant functions has a spectral decomposition 
f(z) =jz (f, fi) fi(z) +& ,i j,y_y: (f,Ed*, w)) Ek WI dw* (3.10) 
Furthermore, as in Maass [6], one can take the jJ to be common eigen- 
functions of all the Hecke operators T, (for n = -1, 1, 2, 3,...), where 
T- JJfz) = J;(-3 
T,&(z) = n - “* 
bfmod d) 
(n > Oh 
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and in this case the Melin transform off, will have an Euler product. Putting 
a, = a,(rj), the Euler product takes the form 
g QnXo(~)~-s = Ql n (1 - ps +xo(P)P-2s) --I, 
P 
while the coefficients a, satisfy the multiplicative relations 
(3.11) 
It is also easy to see that 
q.&s)=2L+&s) if T- ,jj = J. 
=o if T-,jj = -4.. 
As a useful adjunct in the subsequent notation we define for every Dirichlet 
character w, the twisted series 
Lcf/,s; w)= c %W(n)lnl-, n+O 
L+t.f+;w)= 2 
(3.12) 
u”&z)n-S. 
tl=l 
4. CONVOLUTIONS OF EISENSTEIN SERIES 
We shall have frequent recourse to the formula 
I O” ~,W K”(b) YS - l4J 0 
2S-3u-V-Sb” 
= 
r(s) 
r(s, u, u) F 
s+u+v s--u+v 
2 , 2 ; s; 1 - (b/u)* , (4.1) 
where 
which is valid for Re(s) > IRe( + I Re(o)l, Re(u + b) > 0; and where 
F(a, p; q; w) is the well-known hypergeometric function defined for the 
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complex numbers a, /I, q, w  (with a # 0, -1, -2 ,... and 1 w  1 < 1) by the 
absolutely convergent series 
Co F(a,P;rl;w)= c 7 1 r@ + mm + m) WI) Wm, 
m=O m. WI w m + ml (4.2) 
and defined, in general, by the integral 
wl) 
Wh A 9; w> = r(p) r(r _ @I J ’ 5-l y (1 - y>“-5-‘(1 - yw>-” dy. o 
Now, let x be a primitive Dirichlet character of (Z/qZ)*, where q is a 
prime number. Let p and a be non-trivial zeroes of L(s, j) and L&x), 
respectively, so that 
L@, X) = L(Y, x) = 0. 
Since q is prime, To(q) has only two cusps, namely, 0 and co. It is, therefore, 
easy to see from (2.1), (2.2) that 
E (z,!$x)E(z+~) ~L2Vo(q)'d7. (4.3) 
Let 
E(z,f,x)++~). (4.4) 
Then by (4.3) and (3.10), G(z) has the Selberg spectral decomposition 
2 
G(z) = 5 ~mxz) + & [Tl jl,2-i, 1’2+‘m (G, E,(., w)) E,(z, w) dw. (4.5) 
j=l 
We use (4.5) to compute, for any integer k, the convolution 
=jm~1G(z)e(-kx)y’-2dxdy. (4.6) 
0 0 
Firstly, one easily deduces from (2.1) that G(z) has the Fourier expansion 
where 
G(z) = 1 Ak(y) 4W, 
k 
(4.7) 
A,(y)= y 21 (n((‘-“-y)‘2u,-l h x) I, ~,,4,2(27c lnl~)Ky,,P Inlu>, 
nfo 
(4.8) 
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while for k # 0 
A(Y) = Y ,; Ir Ie-p”2 I n-k)-Y”up-,(n,X)aXn-k,~) 
x qP--l&~ bl~W,,,(2~ In - ~IY) 
+q 
‘+‘r((l + y)i2) yl+~/*~(l + y,x) ~k~(l-PUZap~I(k,~) 
&$‘+Y)/*~(x) 
x 4, - ,,,2& I kl Y>- (4.9) 
It then follows from (4.1) that 
rsP-l Y 
( ) 772, = 
4aT(s) 
,(s,p’:-‘)L(s+ ‘-;-‘9Xo) 
X [ ( 
1+y-P Ls+ 2 ,x L 
I(, I 
s+p-;-19f) 
. (4.10) 
L(h x0) 
On the other hand, for k # 0, on combining (3.9), (4.1), (4.7), and (4.9) we 
get 
xa,-,(k,ZMl +Y,x), (4.11) 
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where 
H,(s)= c ~n~(‘-~-~)‘*-~up-,(n,X)o~n-k,~) n>Wl 
ntk 
H,(s)= 2 Jn~“-~-~“2-So,~,(n-k,X)u~n,~) 
n>W2 
n#k 
In order to simplify the subsequent notation put 
(4.12) 
akj = ak(rj)s 
In Section 5 we compute Rk(s) by using the Selberg spectral decom- 
position (4.5) and this leads to our main result. 
THEOREM (B). Let x be a primitive Dirichlet character (mod q), where q 
is a prime number. If p, y are non-trivial zeroes of L(s, x), L(s, x), respec- 
tively, then 
rsP--l Y c ,+P+Y--I 
L s+ 
1-P-Y 
¶XO 
R,(s) = 
( v-i-‘T I( 2 1 ( 
2 
) 
4nST(s) J5ck x0) 
XL s+ ( l+Y-P 2 ,xLs+ 2 1 ( P-Y-l,x 1 * 
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while for. every integer k # 0, 
+ InW 
1 
v+im dtw Ikl’-“‘T(s - l/2, w  - l/2) 
8\/;;i 1/2-im q2wA 6% x0) 
x 
( 
c u(q/r) r2’“u2,,,-,(k/r) &,(I - w)dw 
rlq 1 
rlk 
+ x(---l) 4 (pty-‘v2 Inkl-’ 42tim Inkl”r(s - l/2, w  - l/2) 
4\/;;i I l/2-h q”A 0% x0) 
x a,-,,(k,xo)Ro 
The above theorem shows that for k # 0, the function Rk(s) has a 
meromorphic continuation to the entire s-plane whose only poles in the 
region Re(s) > f are at the points s = 1 f ir,. The corresponding residues are 
Using the power series expansion (4.2) of the hypergeometric function, one 
can deduce from (4.11) and Theorem (B), that for k > 0, the function 
c n”-P-y)/2-s(up-&z,~)a~n-k,~+u,-,(n-kk,~)uy(n,~)) 
n>k/2 
n#k 
also has a meromorphic continuation to the entire s-plane whose only poles 
in the region Re(s) > f are simple poles at the points s = 4 f irj. 
On the other hand 
c n(‘-P-Yy2-su,,-,(n - k,X)u,(n,f) 
n>lJ2 
n#k 
= “,TW2 In + kl”--p-y)‘2-sup-,(n,X)u~n + k,Z) 
n+o 
=z2 
n”-P-y’/2-“u,_,(n,~)u~n + k,f) + H(s), 
n#k 
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where H(s) is an entire function for Re(s) > 1 - Re@/2). One easily 
concludes from this discussion that the function 
c IZ(‘-p-~‘2-~u,_,(n,~)(a~n + k,f) + cqn -k,f)) (k > 0) 
n>W2 
n#k 
can be continued to a meromorphic function in the entire s-plane whose only 
poles in the region Re(s) > f are simple poles at s = f f irj with 
corresponding residues 
&j(q) 
where 
cti(q) = \/;;(q/7?)’ +Yakj 1 klri? 
5. PROOF OF THEOREM (B) 
As a preliminary calculation note that 
1 9 -.
(5-l) 
~,-An, x) Inl(1-pM2--se 
Furthermore, on recalling (3.7), (3.1 l), (3.12), and putting a, = a,(rj), we 
have 
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d=l mf0 
d=l 
&--)+SX(d) m-o (&l&Ed- 2 ii,,,a,.~) Iml”-D”2-” 
rlm,d 
r>l,w.q)=l 
from which it follows that 
U(s) = L+df,,s+(l-P)/2;x)Ldj;,s+@--1u2) 
4 L(h xl (5.2) 
We immediately get from (5.1) and (5.2) 
VU)= 4’ +yw + Y)/Z @ - 1)/T iq) 32~’ + ‘S(J) ti,, 1,x) L(1’,,9). 
(5.3) 
Now, as in definition (2.9) we can set 
E,(z, w) = Jqz, w), 
E,(w4=j7 --$w . 
( 1 
Note that 
co 1 
= 
II 
G(z) y”- 2 u!x dy 
0 0 
To evaluate (G, E,(-, w)) we set 
(5.4) 
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and make use of the fact that II,@ is a fundamental domain for 
h,I’,,(q)h;’ -To(q). It then easily follows from (2.2) and (4.1) that 
(G, Ez(., w>> = I9 G(z) &h,z, w) $$ 
= 
.u 2 
G(hq-‘z)mF 
cc 1 
= II G(hq-‘z) y”-* dx dy 0 0 
= 
8n”Z-(w) r(x) s(j) 
x s (,((-l+p+yU2-~a,-,(n,~)ua_~n,X) 
n+o 
(5.5) 
Putting (5.3), (5.4), and (5.5) into the spectral decomposition (4.5) gives 
I 
l/2 + ice 
R, 
l/2-ice 
1 - w, 9, +, 2) &(z, w) dw 
+ x(--l)q 
(P+Ye1)/2 1/2+im 
47Li I II2 - im 
+,-+, 1) E( -$, w) dw. 
(5.6) 
To complete the proof of the theorem, we use (3.9) to obtain 
II om 1 .&I 4~)ysw2 dx dy =a,(,,)~” K&n I~JJJ)Y-~~ dy 0 
= +-a&) ).kJ1/2-sr 
s - l/2 + irj s - 1/2 - irj 
2 I( 
I- 
2 . (5.7) 
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Similiarly, using (2.7), one obtains for k# 0 
O” II ’ l?(z, w) e(kx)ysY2 dx dy 0 0 
21c” 
= 42wm9 ww9 x0) rlq 
1 u(q/r)rW+1/2 + 1’2-wo2W--l(k/r) 
I I 
rlk 
X 
I 
O” &,+(2n Ikl~)~s-Y2 4’ 
0 
x 1’2+w-sZ-((s + w  - 1)/2)r((s - w)/2) 1 klw-” = 
2qZWmJ) ww x0) 
x s W++2Wu2w- ,(Wrlk rlk 
Also, by (2.8) 
Jowl: 2(--i, w) e(kx)y’-2 ffxdy 
= 4~~lkl~-~~al-2,(k,~o) 
qWT(w) Jww x0) I 
mK 
,,4,2(2n IW~“-K2 h 
0 
= K’/2+w-sr((s + w - 1)/2)r((s - w)/2) u _ (k xo) IklW-S 
I 2w 3 
(5 9) 
. . 
Now, on combining (5.6), (5.7), (5.8), (5.9), and using the notation of 
(4.12), we finally have 
Rk(S)= (q/~)‘+YI#‘2-s 2 a,,r 
1282(x) j=I al/ 
+ InkI’-” 
I 
‘~+‘a3 (n/l k I”) T(s - l/2, w  - l/2) 
8fii l/2 - iw 4wmJ,xo) 
\rtq 
rlk 
+ x(--l)q (p+y-1u2 InkI-’ 
J 
1/2+im Inkl”‘r(s-. l/2, w- l/2) 
4fii l/2-iw qW~(wxo) 
X0,-,w(k~o)Ro dw. 
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